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Abstract 

We calculate a component of connection superfields and Lorentz superparameter 
at second order in anticommuting coordinates in terms of the component fields of 11- 
dimensional on-shell supergravity by using 'Gauge completion'. This configuration 
of superspace holds the K-symmetry for supermembrane Lagrangian and represents 
11-dimensional on-shell supergravity. 
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1 Introduction 



In recent developments of string theory, the deep connection between supergravity and 
super Yang-Mills theory has clarified. One remarkable example is the AdS/CFT corre- 
spondence [0]. In this researches, many supergravity theories which can be obtained by 
dimensional reduction from 11- dimensional supergravity have played important roles 0. 

On the other hand, some years ago, T. Banks, W. Fischler, S. H. Shenker and L. 
Susskind (BFSS) proposed that Matrix theory gives a complete description of light-front 
M-theory [^. It had been proposed as a theory of DO-branes by E. Witten [^. The candi- 
date of its extension on curved backgrounds is the supermembrane theory. It is described 
as nonlinear sigma model and couples to 11-dimensional superspace backgrounds that 
satisfy a number of constraints which are equivalent to 11-dimensional on-shell supergrav- 

ity i. 

Thus, it is important that getting much knowledge of 11-dimensional superspace struc- 
ture. Nevertheless we have little knowledge of it. By E. Cremmer, S. Ferrara, L. Brink 
and P. Howe the on-shell conditions and components of superfields up to first order in 
anticommuting coordinates was investigated 0. By B. de Wit, K. Peeters and J. Plefka 
the components of 3-form superfield and part of components of vielbein superfields up to 
second order in anticommuting coordinates was investigated 0. In the previous paper, 
the remaining components of vielbein superfields up to second order in anticommuting 
coordinates was investigated 0. 

In this paper, we compute part of components of connection superfields and the compo- 
nents of Lorentz superparameter at second order in anticommuting coordinates in terms of 
the component fields of 11-dimensional on-shell supergravity by using 'Gauge completion'. 
This configuration of superspace holds the /t-symmetry for supermembrane Lagrangian 
and represents 11-dimensional on-shell supergravity. 

The paper is organyized as follows. In section 2, we explain 'gauge completion'. In 
section 3, we compute parts of the superfields. Our conventions are summarized in Ap- 
pendix. 

2 Gauge Completion 

'Gauge completion' was introduced to identify superspace representation as on-shell su- 
pergravity 0. In this section we review this method. 

'Gauge completion' is searching for structures of the superfields and superparameters 
which are compatible with ordinary supergravity. That is to say, supertransformations 
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( |2.5| ) - ( |2.7| ) are identified as transformations in 11-dimensional spacetime and tlie 
^ = components of superfields and superparameters are identified as tlie fields and 
parameters of ordinary supergravity. 



2.1 Supersymmetry algebra 

Supersymmetry transformations in components formalism are as follows, 

6se^ = 2er>„, 

6siJm = Dm{Cj)e + T^'*''eFrstu = Dm{uj)e, 

SsCklm = -QeTlkllpm], (2.1) 

with,r^-*" ^ ^(rj^*"-8(5[;r*"i), (2.2) 

where F{= Fkimn + '^'^'4^[k^im'^n\) is the supercovariant field strength, and Cj{= oj^^ + 
\^l)rXrn b^i^p) supercovariant spin connection. And other notation is the same as 

that in g. 

Its algebra is as follows. 



[Ssusy{ei), 5susyie2)] = 5g{^3) + (^^(es) + ^^(Aa) + SciCsmn), (2.3) 



where 



es"^ = e^r-ei - (1 ^ 2), 
es = -ear^eiV^n - (1 ^ 2), 

= -e2r"eic:;,A + Y^e2(rv^*"F,,,. + 24r,,n 

^3mn = —(^2^^^lCkmn — (^2^mn^l — i^'^'^)- (2.4) 

On the other hand, transformations in superspace formalism are as follows. The 
supertransformation is equal to 

5tXmp...Mi = '^^ dKXMp...Mi + pd[Mp'B.^ X\K\Mp^i...Mi] (2.5) 

for p-form's components. The local Lorentz transformations are equal to 

5^Vtj^ = -Ajfn^f + njfAc'^ -dA/. (2.6) 
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The supergauge transformations are equal to 

^gBlMN = '^d[L'^MN]- (2.7) 

We obtain the full algebra of these transformations as follows 

+ 5l(Ai) + (5G(HiAf7v), 5t(H2) + 5l(A2) + 6Gi^2MN)] 

= (5r(S3) + 5l(A3) + 5g(23mjv), (2.8) 

where, 

Sf = S^a^Sf + <5iSf -(1<^2), 
A3/ = -Hfa^A2/ + 5iA2/ + Ai/A2/-(l-2), 

'^3MN = 5i^2MN — 5/<H2Af7V — 29[A/22Af]A'2f — (1 ^ 2). (2.9) 

2.2 Gauge completion 

Firstly, we choose the input data as follows 

771 a(0) _ a 
m ' 



E = 

m Tn 



O a(0) _ _ - a 



-m(0) 
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^(0) _ f 
?(0) 



^mnl — Cmnl- (2.10) 



From (p.6|) , we obtain 



A," = A",. (2.11) 

Moreover we introduce the assumption that superparameters do not include the derivative 
of e. Then, the higher order components in anticommuting coordinates can be obtained by 
requiring consistency between the algebra of superspace supergravity and that of ordinary 
super gravity. 
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If we can represent Smat = 2d[M^N]i "we can choose the gauge as 'E.mn = because 
this superparameters do not change the 3- form superfields ( p.7|) and the algebra ( p.9|) . 
Thus we can choose the gauge as follows, 



- 0. (2.12) 



To obtain the higher order components of superparameters which depend on e, we 
must calculate the commutation of two supersymmetry transformation. 
According to and ( gTzD , 



= (<5g(2e2r"^ei) + 6s{-2e2T\i^n) + 6,{-2e2T'eiCkmn - 2e2r„„ei) 
+6,{-2e2T-e,u^\ + ^e^iTY^'-Pr.tu + 24rrsE%ne,))e^ . (2.13) 



Thus one obtains 



E'''^^\susy) = 9^6. (2.14) 



In the same way, to obtain the higher order components of superparameters which 
depend on A we must calculate the commutation of supersymmetry transformation and 
Lorentz transformation. To obtain the higher order components of superparameters which 
depend on we must calculate the commutation of supersymmetry transformation and 
gauge transformation. To obtain the higher order components of superparameters which 
depend on ^"^ we must calculate the commutation of supersymmetry transformation and 
general coordinate transformation. According to superspace algebra, 

SsusyE^^\e=o = {E''{susy)dKEJ^ + dmE''{susy)E^- + E^Aasusy))\0=o 

= e'^9,(E„««)+5„6^E/(°), (2.15) 

while in ordinary supergravity 

5,„,,e„" = 2er>^. (2.16) 

Thus, one obtains 

E/ = 0, 

= 2^r>^. (2.17) 
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By this procedure, the following results had been known 0, |Q . 

s"^ = c + ^r"^e-^r"e^r"'i/;„ + c(^3), (2.18) 

-l9ThiT,''''''er Fated - -^^(r,,^'^^^Fe,e/ + 24r^'^F„,ed) e(r"^^)'^ 

(2.19) 

V = X\-9T^eu^\ + ^0{TY''^Frstu + 2ATrsFY')e + O{e''), (2.20) 

+ pT'eeTi[m^l^n] + pT'^[jTmm]e + 0{9^), (2.21) 

^m>. = ^^r"e(^r^„)^ + i(^r")^^r„„e + o(e=^), (2.22) 



0{9^), (2.23) 

+^9r''''eFrstue^ - ^er'^^'^'eFmstu + o(^'), (2.24) 

E^" = i^J^-\u;^at{r-'er + {TJ^'^9rFrstu 

bib 

+0(6^), (2.25) 

= -(T^e)^ + 0{9-'), (2.26) 

-i(r'=^),(T,<^''^^^)°F,,,, + ^((r,,'='^^^F,,e/ + 24r'Fabcd)e),{T^'er 

+0{e^), (2.27) 



1 

144 



V = T7T{(rV^*"^)M^..t. + 24(r,,^),n-} + 0(^2), (2.28) 
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72 



(2.29) 



B. 



mnl 



l-_ " 3- 

3^ 



5, 
5, 



mnfi 



5, 



1 

96 



(2.30) 

(2.31) 

(2.32) 
(2.33) 
(2.34) 



Because the flat geometry had been known, we include the 6^ term in Bnup for complete- 



ness. 



Up to first order in anticommuting coordinates, the superfield components was inves- 
tigated by E. Cremmer and S. Ferrara 0. E]^j^'^\e^j]^, B^j^l^j^ was investigated by 
B. de Wit, K. Peeters and J. Plefka |7[]. E^f^\E''^^^ was investigated in ref. [§. 

3 Computation 

A^^^ is subject to the following equations, 

e^a,,a,A2,f - (1 ^ 2) = e2r"ei(r'=V'n)p^fc6a-(r"ei)^V^„r'=e2a'fcfe„ 

cdef 



144 



e2r'^ei{(r,/'''=^F,,e/ + 24r^'^F,,,,)^„}^ 



Fcdef + '24T'^'^Fbacd)^2 



144 



+ (r'=e2)^2ei(-r„D[fc^Ab] + TkD[bi^a] + TbDiki^a]) 
-(1^2). 

However, if simply we drive the equation. 



(3.1) 



7 



144 



+ (r'=e2)^2e5'(-r„D[fcV'6] + TfcDifeV'a] + TfeDifcV',]),, (3.2) 

this equation is inconsistent because ^ and v in the left-hand side of it are antisymmetric 
but these in the right-hand side of it are not antisymmetric. Thus we must add terms 
which are symmetric under interchanging the indices 1 and 2 in the right-hand side of 
this equation. 



144 



438 



1 - 31 - 

+e- pj'='e^{_l(r,„,,L)^.^,)^ + l^{VukjD[a^i] - ^ ^))m 
1 , 17 

+\{.5ia5kj, - (a ^ (3-3) 

Thus we obtain 

1 - 48 QQ2 

+ _^r-^^^{-ye(r,,,L>[„V^,] - (a ^ 6)) + _e(r,,,L>[,V'a])} 
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1 256 
+-er^-y^e{128er,,,yD,i;^ - _e(r6,,,D[„V'^] - (a ^ 6)) 

1088 

+128eT^y^y,D[b'ilJa] H —K(^za^yxD[biJw] - (a ^ b)) 

-2bQ-e{5,JyM^ - (a ^ h))]]. (3.4) 

^n}? subject to the following equation, 

-Y^(r"6),e"(r„,^'^^^F,,e/ + 24r^'^F„,e,)v^„ + a,A„f (3.5) 

Thus we obtain 

1 - 32 - 

32 

-2h&{5^ayiyyD^^^ - (a ^ 6))^ + —{^za^yxDyai^w] - (o ^ (3.6) 

4 Discussion 

We have obtained A^^^ , ^fj''''^^ ■ Up to second order in anticommuting coordinates, only 

^ma^^^ remains. This component is complicated. However, it contains SsusyD[mi'n] thus it 
is expected to contain curvature terms. From Bianchi identity, curvature terms should ap- 
peared in vielbein superfields at third and the higher order in anticommuting coordinates. 
This gives interaction terms coupled to curvature in Matrix model and higher curvature 
corrections to Einstein gravity in low energy effective actions. Thus it is important that we 
investigate ^ma^'^^ ■ These terms and terms which are required to obtain terms of Matrix 
theory which are third order in anticommuting coordinates is under considerations. 

However, ^^^^"^^ ^1^*^ important in study of superspace structure and curved mem- 
brane action, ^-symmetry constraints act on torsion fields and curvature fields. Torsion 
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are defined as = DE^ = dE^ + E^Vt^. Thus f^^a^*-^-' has information about more 
higher components of vielbein than ^2^^*^^). Moreover, ^^a^"^^ contains iS^[aV'6] which is 
nonhnearly exact supersymmetry field strength which information is important in study 
of supersymmetry. 
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Appendix 

A Conventions 

A.l Indices 

We use Greek indices for spinorial components and Latin indices for vector components. 
And we use former alphabet for the tangent space indices and later for general coordinates 
indices: a,b,c,... for tangent vector indices and k,l,m,... for general vector indices, and 
a,P, ... for tangent spinorial indices and fj,,!/, ... for general spinorial indices. 

Superspace coordinates (x™, 9^") are designated , where later capital Latin alphabet 
M.N,., are collective designations for general coordinate indices. While former capital 
Latin alphabet A,B,.. are collective designations for tangent space indices. 

A. 2 p-form superfield 

We introduce p-form superfields as follows, 

X = -dz^^...dz^'XM,...M, 

= j^E^''...E^-Xa,...a,, (A.l) 

32 

X^,...^, ^ Y.X^^% (A.2) 

1=1 

^Ap.^jii component at i-th order in anticommuting coordinates. 
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A. 3 Brackets 

Symmetrization bracket ( ) and antisymmetrization bracket [ ] is defined as follows, 



[Ml. ..Mat] = — (M1...M/V + antisymmetric terms), 
(M1...M7V) = ■^{Mi...Mn + symmetric terms). (A.3) 

A. 4 Gamma matrices (11-dimensional) 

Since we use the Majorana representation, all components are real. 
Gamma matrix is defined as follows, 

{^^^^} = 2r7"^ (A.4) 

We use the mostly plus metric; r]ab ~ ( — h ...+). We lower the spinorial indices by charge 
conjugation matrix Cap- 

Q,/3 = Ca-yT "'f^. (A. 5) 

^""^""l/si^ = 1,2,5,6,9,10) are symmetric matrices and r"i-";;^(?2 = 0,3,4,7,8,11) are 
antisymmetric matrices. 

References 

[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998). 
[2] M. Cvetic, H. Lu, and C. N. Pope, |hep-th/0002099| . 

[3] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, Phys. Rev. D55, 5112 (1997). 
[4] E. Witten, Nucl.Phys. B460, 335 (1996). 

[5] E. Bergshoeff, E. Sezgin and P. K. Townsend, Phys. Lett. 189B, 75 (1987) ; Ann. 
Phys. 185, 330 (1988). 

[6] L. Brink and P. Howe, Phys. Lett. 91B, 384 (1980) ; 
E. Cremmer and S. Ferrara, Phys. Lett. 91B, 61 (1980). 

11 



[7] B. de Wit, K. Peeters and J. Plefka, Nucl. Phys. B532, 99 (1998). 

[8] Shibusa Y. Mod. Phys. Lett. A14,2767 (1999). 

[9] R. Arnowitt and P. Nath, Phys. Lett. 56B, 177 (1975) ; 

J. Wess and B. Zumino, Phys. Lett. 66B, 361 (1977) ; Phys. Lett. 79B, 394 (1978) ; 
L. Brink, M. Gell-Mann, P. Ramondand and J. H. Schwarz, Phys. Lett. 74B, 336 

(1978) ; 

P. van Nieuwenhuizen and S. Ferrara, Ann. Phys. 127, 274 (1980). 
[10] E. Cremmer, B. Julia and J. Sherk, Phys. Lett. 76B, 409 (1978). 



12 



